COIDEAL ALGEBRAS FROM TWISTED MANIN TRIPLE 



S. BELLIARD AND N. CRAMPE 

Abstract. We propose a new approach to study coideal algebras. It is well-known that Manin triples 
(or equivalently Lie bi-algebra structure) is the requirement to deform Lie algebra and to obtain quantum 
groups. In this paper, introducing some particular automorphisms of Manin triples, we define a new structure 
that we call Lie bi-ideal structure. We show that their deformation provide coideal algebras. As examples, 
we recover from our general construction the twisted Yangians y^(sl(2)), the q-Onsagcr algebra and the 
augmented q-Onsager algebra. As an important by-product, we find a new presentation for the twisted 
Yangians. 



MSC numbers: 81R50, 17B37 

1. Introduction 

The quantum groups introduced in |J1| IDrj have a lot of influence in different scientific domains, as the 
study of the Hopf algebras or the development of the quantum inverse scattering method [FSTj to solve the 
quantum integrable systems. In fact, it was realized later that the Hopf structure is not necessary to study 
intcgrablc system but that a coideal structure is enough. Indeed, the study of integrable models with open 
boundary conditions (instead of periodic boundary conditions) requires the reflection equations |Cher) which 
define subalgcbras, called reflection algebras |Sk) (see also [MR]). These subalgebras are not Hopf algebras 
anymore but are still coideal subalgebras. 

A lot of coideal subalgcbras have been introduced: the twisted quantized enveloping algebra corresponding 
to symmetric pairs (gl n ,o n ) or {ghni s P2n) jNoi INS! IGKj or to symmetric pairs (gl n +m,gln © glm) [DN[ 
IDNSj . the twisted Yangians jOlsl IMNOj . the twisted q- Yangians |MRS| or the q-Onsager algebras and 
their generalization |IT11 IIT21 IBS! IBBj (see also jDMSl IDMj for an application to integrable quantum field 
theories). Let us also mention the papers |Le| where a classification of coideals for the finite quantum groups 
has been performed, DKM, Mu] where Drinfeld twists allow them to introduce an universal reflection 
equation and KS where they exhibit relations between the different approaches. 

In this paper, we propose to modify the historical methods, used by Drinfeld to introduce quantum 
groups [Drj . in order to obtain coideal subalgebras. Namely, Drinfeld used the Lie bi-algebra structure to 
characterize the expansion of the coproduct. Then, he showed that it defined completely the deformation and 
obtained quantum groups. In the case of coideal subalgebras, we have to replace the notion of bi-algebra by 
a new structure: the Lie bi-ideal structure (see definition l2.2j) . Then, we show how to deform this structure 
to get coideal algebras. 

One of the practical methods to get examples of Lie bi-algebra structures consists in finding Manin triples. 
Indeed, there is a one-to-one correspondence between a Manin triple and a Lie bi-algebra structure (for finite 
algebra). In this paper, we associate a Lie bi-ideal structure to particular automorphism of Manin triple, 
called Manin triple twist. From a simple criteria on this twist, we identify two types of deformation, leading 
to Hopf subalgebras or coideal subalgcbras. 

The plan of this paper is as follows. In section [21 we remind the definition of a Manin triple and its 
relation with the Lie bi-algebra structure. Then, we define the Manin triple twists and the Lie bi-ideal 
structure. In section [3l we are interested in the deformation of the previous structure. We remind how to 
deform the Lie bi-algebra structure and explain how to deform the Lie bi-ideal structure. In section [4[ we 
give different examples of these structures associated to the loop algebra (section [4TT]) and to the half- loop 
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algebra (section I4.2|) . For each case, we provide a Lie bi-algebra structure and give the Hopf deformation 
to get the quantum algebra and the Yangian. We give also different examples of Manin triple twists and 

(21 

get the q-Onsager algebra, the augmented q-Onsagcr algebra, the positive Borcl of Un(A\ ') and the twisted 
Yangians y^is^)- In section [5l we construct, using intertwiner techniques, scalar K- matrices from the 
coideal algebras obtained in the examples. It allows us to discuss the connection between our examples and 
some known reflection algebras. Finally, we conclude and give some open problems in section [B] 

2. Manin triple and twists 

In this section, we remind the definition of a Manin triple as well as the link with the Lie bi-algebra 
structure. Then, we introduce the notion of twist and study their consequences. 

Throughout this section, p is a finite dimensional Lie algebra. Similar definitions can be given for p infinite 
but, in this case, the notion of duality must be tackle with care. 

2.1. Lie bi-algebra and Manin triple. In this subsection, we recall the definitions of a Lie bi-algebra 
and of a Manin triple (see |CP| for a review). Let g be a Lie algebra. A Lie bi-algebra structure on g is 
a skew-symmetric linear map 6 S : g — » g ® g, the cocommutator, such that S* is a Lie bracket and S g is a 
1-cocycle of g with values in g ® g 

(2.1) 6 a ([x,y}) = x.6 a (y)-y.5 B (x) . 

The couple (g,<5 g ) is a Lie bi-algebra. 

To get explicit examples of this structure, it is usually more convenient to deal with the notion of Manin 
triple. A Manin triple is a triple of Lie algebras (p, p+, p_) such that 

(i) there is a non-degenerate symmetric bilinear form ( , ) p on p, invariant under the adjoint action of p; 

(ii) p+ and p_ are Lie subalgebras of p; 

(iii) p = p + © p_ as vector spaces; 

(iv) p + and p_ arc isotropic for ( , ) p (i.e. (p±,p±)p = 0). 

Indeed, this definition allows one to get Lie bi-algebra since there exists a one-to-one correspondence between 
the Manin triple (p,p+,p_) and a Lie bi-algebra structure for p + . More precisely, the inner product ( , ) p 
determines an isomorphism of vector spaces p + ~ pi. Then, the Lie bi-algebra structure on p + , i.e. the 
cocommutator <5 p+ : p + — s>p + ®p + , is provided by the dual of the commutator [,] p _:p_©p_— )-p_ (see 
e.g. [CP] for a proof that 6 p+ = ([ , ] p _)* is a 1-cocycle). We give two examples of this correspondence in 
sections 14.1.11 and 14.2.11 

2.2. Manin triple twists. We give here one of the main new structure introduced in this paper. 

Definition 2.1. Let (p,p + ,p_) be a Manin triple. An invariant (resp. anti-invariant) Manin triple twist <fi 
is an automorphism of p satisfying 

(i) (f) is an involution i.e. 4> 2 = Id; 

(ii) (/>(p±) = p±; 

(Hi) ((j)(x),y) p = +(x,<f)(y))p (resp. (<j>(x), y) p = -(x, <p(y)) p ), for any x, y e p. 

As a direct consequence of this definition, a Manin triple twist <f> provides the symmetric space decompo- 
sitions 

(2.2) p± = t± © m± with 0(t±) = +C± and 0(m±) = -m± , 
and p = t © m with <fi(t) — +6 and </>(m) = — m. We remind that one gets 

(2.3) [f,{] ct, [t,m]cm and [m,m]cf. 

Similar relations hold for t±,m±. In particular, the +l-eigenspaces J, t± are Lie algebras. As explained 
previously (see section l2~Tj) . a Manin triple (p,p+,p_) allows one to obtain a Lie bi-algebra structure for the 
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Lie algebra p+. We are now interested if it is possible to get similar result for the Lie algebra t+. We treat 
separately in the following subsections the cases when <f> is an invariant or an anti-invariant Manin triple 
twist. 

2.2.1. Invariant Manin triple twist. Let <p be an invariant Manin triple twist. Using this invariance, it is 
easy to show that 

(2.4) («+,m_) p =0 and (m+,B_} p =0. 

We deduce that t+ ~ 6* as vector spaces. Finally, we can conclude that (t, t+,t_) is a Manin triple with 
the inner product deduced from the one of p. Therefore, t+ is a Lie bi-algcbra with the cocommutator <5 { + 
dual of the Lie bracket [ , ] { - . 

Remark 2.1. An important point to notice is that the cocommutator 6%,, constructed by this way, is a map 
from t + to t+®6+ and is different from the cocommutator (5 p+ ( constructed from the Manin triple (p, p+, p_) ) 
restricted to 6+ which is a map from t+ to {+ ® t+ + m+ ® m+ . 

One example of invariant Manin triple twist is given in section ^. 2. 21 

2.2.2. Anti-invariant Manin triple twist. Let (f> be an anti-invariant Manin triple twist. Because of the 
anti-invariance, we get, instead of (|2.4[) . 

(2.5) ({+,t_) p =0 and (m+,m_) p = 0. 

It follows that t + ~ m*_ and m+ ~ t*_ as vector spaces. Since [m_,m_] C t_, m~ is not a Lie algebra and 
we cannot deduce a Lie bi-algebra structure for 6+. However, we can define a new type of structure. 

Definition 2.2. Let 4> be an anti-invariant Manin triple twist for (p,p + ,p_) which leads to the symmetric 
space decompositions iHi.ty) . The linear map r : t + — > m+ ® 6+ is a left Lie bi-ideal structure for the couple 
(t+,m+) if it is the dual of the following action of t— on m_ 

(2.6) t* : £_ ® m_ -)• m_ 

a®y [a, y] p _ . 

This definition takes sense since the map r* is well-defined knowing that [£_,m_] p _ C m_. We can 
define similarly a right Lie bi-ideal structure by the linear map r' : 1+ — > t+ ® m+ dual of the action 
m_ ® t_ — > m_, !/®a H- [y, a] p _ . This new structure we have introduced here is the main ingredient of this 
article. We give various examples of it in sections |4.1.2[ I4TT31 14.2.31 and 14.2.41 

3. Deformation 

In this section, we remind briefly the theory of the deformations for the enveloping algebras in order to 
get the quantized universal enveloping algebras (QUEA). We recall, in particular, the link between the Hopf 
structure of the QUEA and the Lie bi-algebra structure. Then, we generalize this theory to be able to deform 
the Lie bi-ideal structure. We show that, instead of Hopf algebra, we get coideal algebra. 

3.1. Quantized universal enveloping algebras. In this section, we give a brief summary of the theory 
of the deformation based on the review [CP] . Let (fl,<5) be a Lie bi-algebra. Its universal enveloping algebra 
U(g) may be equipped with a coproduct defined by A(x) ~x<E>l + l<E)xiorx€g (the action of A is 
extended to U(q) as an algebra homomorphism). This coproduct allows one to extend the action of 8 to 
U(g) by 

(3.1) 5( ai a 2 ) = 5(oi)A(a 2 ) + A(a 1 )S(a 2 ) ■ 

This extension makes (U(q), A, S) into a co-Poisson-Hopf structure. 
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By definition, the deformation of the Lie bi-algebra (g,S) is the HopQ deformation (Uh{Q), As) of its 
universal enveloping algebra (U(g), A, 6) such that 




where x e U(q), a £ Uh(q) such that x — a (mod K), A^ p = a o A^ and er flips both spaces. 

The practical procedure, used in the following, to deform a Lie bi-algebra structure consists in getting 
the simplest coproduct satisfying (|3.2p then to deform commutation relations such that this coproduct is 
a homomorphism. In sections 14.1.11 and 14.2. 1[ we give two well-known examples: the quantum universal 
enveloping algebra of the loop algebra based on sh and the Yangian of s^- 

3.2. Coideal subalgebra. In this subsection, using the notations of section [2J we define the deformation 
of the universal enveloping algebra W(6+) with the left Lie bi-ideal structure r. Evidently, we cannot get 
a Hopf algebra but we obtain a coideal subalgebra. Before going further, we give the definition of the left 
coideal subalgebra used in this paper. A subaglebra B of a Hopf algebra (A, A) is a left coideal subalgebra 
(B, X) if X is an algebra homomorphism from B to A <S> B, called coaction, with the coideal coassociativity 
property: 



We may define also a right coideal subalgebra. 

As for Lie bi-algebra, we can equip the universal enveloping algebra 14 with a coproduct, A(x) = 
x <S> 1 + 1 <£) x for x £ 1+ which allows us to extend the action of r to U(t+) by 



for 01,02 £ t+- 

Remark 3.1. When we consider the universal enveloping algebra W(t+), the left bi-ideal structure r maps 
to U(p+) ®U(t+) and not to U(m+) in comparison with r : { + — > m+ Cg>t+. 

This extension does not make (W(t+), A,r) into a co-Poisson-Hopf structure since r : U(t+) —> U{p+) ® 
W(t+). Nevertheless, the triple (U(t+), A, r) shares properties with the co-Poisson- Hopf structure. But, even 
though we think it is an interesting problem, it is not in the scope of this article to give these properties. 

We are now in position to define the deformation for U(t+). 

Definition 3.1. Let (p + ,<$) be the Lie bi-algebra defined in section \2.1\ and (I_|_,t) be the Lie bi-ideal as in 
the definition \ 2. 31 A deformation of (p+, t+, 6, r, A) is (Un(p+),Kh(i+), Ar, Tr) suc/i i/iai: 

('jj i/ie Hopf algebra (Un(p+), A^) is a deformation of the Lie bi-algebra (p + ,(5); 
i/ie algebra lAn(i+) is a deformation of the algebra U(i+) ; 
(Hi) (Un(t+),^h) is a left coideal subalgebra of (Un{p+), A^); 

fz?;^ Xfi(a) = A(a;) + Ht(x) (mod ti 2 ) where x G W(t+), a G smc/i that x = a mod (h). 

We can give a similar definition with r', the right bi-ideal structure: we get a right coideal instead of a 
left one. It would be interesting to study the existence and the uniqueness of this type of deformations for 
any bi-ideal structures but it is already a complicated problem for the Lie bi-algebra structure. Therefore, 
instead to give a general proof, we provide, in section @] different examples where such deformations exist. 



(3.3) 



(A® 1) o%= (l<g)X)oT. 



(3.4) 



T(aia 2 ) = r(oi)A(a 2 ) + A(oi)r(a 2 ) , 



To be concise, we do not mention the counit and the antipode but it can be introduced easily. 
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4. Examples of Manin triples twists and their deformation 

To illustrate the previous theoretical construction, we consider two different well-known examples of Manin 
triples: one related to the loop algebra of sfo, denoted C, and another related to the half- loop algebra of 
SI2, denoted £+. From these Manin triples, we obtain the Lie bi-algebra structures for C and C + and we 
deform these algebras, following |Dr| ICPj . For each of these Manin triples, we find different Manin triple 
twists, construct the corresponding Lie bi-ideal structure and compute their deformation. These twists 
provide examples for invariant Manin triple twist introduced in 12.2.11 and for anti-invariant Manin triple 
twist introduced in 12.2.21 

We give for each case the defining relations in the " Cartan type presentation" , in which it is easier to 
define the Manin triple (and the twist). Then, we obtain the Lie bi-algebra or the Lie bi-ideal structures. 
Finally, for simplicity, the deformation is given in the " Serre type presentation" . The deformation in the 
"Cartan type presentation" is known for the Lie bi-algebras C and £+ (see e.g. |Dr| ) . For the Lie bi-ideal 
case, it will be consider elsewhere. 

4.1. Deformation of the loop algebra C and its twists. In this subsection, we deal with the loop 
algebra C and its deformation: the quantum algebra Uti(C). Then, we consider two different twists of 
C. The first one leads to the Onsager algebra O |Onsj and its deformation the q-Onsager algebra On 
[BT| lB2l iLTil ILT2] whereas the second one leads to the augmented Onsager algebra O and its deformation 
the augmented q-Onsagcr algebra On [IT3j . 

4.1.1. Quantum algebra Un(C). Here, for completeness, we recall the deformation of L to get lAn(£). The 
loop algebra of SI2, £, is the Lie algebra generated by {e n , /„, h n \n G Z} subject only to 

(4-1) \hn, &m\ — 2e n _|_ m , [h n , frn] ^fn+m 3 \&ni frn] — ^n+m 

and [h n , h m ] = [e n , e m ] = [/„, / m ] = , 
for n 1 m G Z. We use the inner product on C defined by 

(4.2) (e„, /-„)£ = -1 and (h n ,h- n )c = -2 
and vanishing otherwise. 

Although the Lie bi-algebra structure for the loop algebra is well-known, we recall the main steps of its 
derivation from the Manin triple (see e.g. |CPj chapter 1.3). We introduce 23 = £ © £ (as Lie algebras) and 
both subalgebras 

(4.3) 23+ = {{x,x)\xeC} 

(4.4) 23- = {(e n ,0),(/ m ,0),(0,/_ n ),(0,e_ m ),(/i n ,0),(0,/i_ n ),(/io,-/io)|n>0,m>0} . 
Then, (23, 23+ , 23~ ) is a Manin triple with the inner product 

(4-5) (Or, y), (x',y')) v = (x, x') c - (y, y')c ■ 

The subalgebra 23+ is isomorphic to C. Then, the Lie bi-algebra structure on 23+, i.e. the cocommutator 
5 : 23+ — > 23+ ® 23+ , dual of the commutator on the Lie algebra 23 _ can be explicitly computed from the 
relation 

(4.6) (S((x,x)),(x',y') (g> (x",y")) v = ((x,x), [(x',y'), (x",y")]) v 

for any (x, x) G 23+ and (x' , y'), (x", y") G 23~. As example, we consider the case (x, x) = (ho, ho). The non- 
vanishing term is given by [(x', y'), (x", y")] = (ho, —ho)- This element cannot be obtained from commutation 
relations in 23~. It follows that S((ho, ho)) = 0. With the same method, we obtain 

(4.7) S(h ) = 0, 6(e )^h Aeo, 5(f ) = -h A /„ , 8(e x ) = -\h Q A e x , 5(f_ 1 ) = ~h Af_ 1 . 
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To write the previous relations, we have used the isomorphism T> + — > C given by (x, x) i— > x and the wedge 
product xAy = x<£>y — y ®x. Naturally, they satisfy cocycle condition (|2.1j) . 



The knowledge of the cocommutator allows one to deform U(C), as explained in section T3. II To simplify 
the computation of the deformation, we use the "Serre-Chevalley presentation" of this algebra. It is given 
by the generators {X^, Hi | i = 0, 1} and the defining relations 

(4.8) [H ii Xf\ = ±a ij Xf l [X+,Xr]=5 i , j H i , [X±, [X± [X±, X± J]] = , H + H, = , 

with A = {(% } the symmetric extended Cartan matrix of C explicitly given by a« = 2 and = —2 for 
i =/= j. The map from the second to the first formulation of C is given by 

(4.9) Hn-tho, H ^ -h , Xf 1-4 e , X+ i-> /_ 2 , h-> f , X ~ h-> ei . 
Then, the Lie bi-algebra structure, in this presentation, is given b}0 

(4.10) <5(xf) = i^AXf, 5(^) = 0. 

The deformation of this algebra U(C) from the previous cocommutator is considered in details in jCPj . 
One obtains the quantum algebra Un(C) with the coproduct given by 

(4.11) Afi(Hi) = Hi ® 1 + 1 ® A S (X±) =X±®e-* H - + e* H * ®X±, 
and the defining commutations relations 

(4.12) ^xf] = ± aij xf, [x+xt] = r ;~ e j ' , 

e2 — e 2 

(4-13) [Xf , [Xf, [Xf ,X± !](«)](_«)] = 0, 

(4.14) H!+Ho = 0, 

with [a;, j/W) = xy — e h yx. The bold symbols correspond to the deformed generators of the non-bold ones. 

4.1.2. q-Onsager algebra On- We consider now the subalgebra of the loop algebra C invariant by the 
automorphism r?i : C — > C defined by : 

(4.15) Vi( e n) = f-n , Vi(fn) = e_„ and r)i(h n ) = -h- n - 
This subalgcbra is generated by {Ai, Gi} with 

(4.16) A i =2{e i + f- i ) and G i = h i -h- i . 
It is easy to check that they satisfy the relations 

(4.17) [At, Aj] = AGi-j, [A h G 3 ] = 2{A i+j - A t ^), [G it Gj] - 0, G t = -GL< , 

which are the ones defining the Onsagcr algebra O [Ons) (see also |Davl[ IDaRol for more details about the 
relation between C and O). 

To calculate the left bi-ideal structure for the Onsager algebra 0, we need to extend the automorphism 
r/i to T> = C ® C with the following map 

(4.18) fa : V -> V 



2 The difference with the standard Lie bi-algebra structure is due to a factor — J in the inner product 1 14,21 1 . 
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By direct computation, we show that (f>\ is an anti-invariant Manin triple twist for the Manin triple 
(V, T> + 1 T>^) defined by (|4.3j) . (|4.4j) and (|4.5j) . This twist implies the following symmetric space decom- 
positions 

(4.19) V + =K + ®M + with /C + = {(e, + /_ i ,e i + /_*), (/i, ■- ■- | i G Z,j > 0}, 

X+ = {(e 4 - ej - f-i), (h k + h- k , h k + h- k ) \ i E Z, k > 0}, 

(4.20) T>-=KT®M- with /C" ={(ei,/_ i ),(/ i ,e_ j ),(hi,-ft-i) I i > 0,j > 0}, 

M- = {(*, -f_t), (h h h-i), (fj, -e-j) | i > 0,j > 0} . 

We recover that (JC + ,)C~)x> = , Ai~)x> = proven, in general, in section [2.2.21 

We remark that the +l-eigenspace /C + of T> + is isomorphic to the Onsager algebra, with (x, x) i— > a-. 
Then, we calculate the left Lie bi- ideal structure for it, following section l2\2.2l This structure, i.e. r : JC + — > 
Ai + ® /C + , dual of the commutator [ , ] : Kr ® Ai~ — > A4~ , can be explicitly computed from 

(4.21) (r((x, x)) , (x\ y>) ® (z", j,")),, - ((x, x), [(x',y'), (x", y")]) v 

with (x,x) G /C + , (x',y') G /C _ and (x",y") G .M - . After straightforward calculations, we obtain the left 
Lie bi-ideal structure for the Onsager algebra. The important values are 

(4.22) t(Ai) = --ho®Ai, t(Aq) = ^h ®A 
where we have used the map (x,x) i— > as and relations (14.161) . 

Similarly to the case of C, to simplify the deformation procedure, we use another presentation of the 
algebra O, called the Dolan-Grady algebra jDGj . This presentation is given in terms of {A, A*} subject to 
the Dolan-Grady relations 

(4.23) [A, [A, [A, A*}]] = 16[A,A*] , [A*, [A*, [A*, A]]] = 16[A*,A] . 
The map with the first presentation is given by [Dav^lDaRo] 

(4.24) A* ^ A and 4^4 

Let us notice that, from relations (|4.9p and (|4.16p . we can identify A with 2(X f + Xq) and A* with 
2(X^ + Xf). From relation (|4.22l) and using also the map (|4.9[) . the left Lie bi-idcal structure, in this 
presentation, is given by 

(4.25) t(A) = ^H ®A, t(A* ) = ^H 1 ®A*. 

From this Lie bi-ideal structure and section [3J it is natural to look for the left coaction 1^ : On — > 
Un(C) ® Oh in the form 

(4.26) Tft(A) = A ® 1 + /(H ) ® A 

(4.27) with A = 2(X++X c 7) + (9(ft) and f{x) = 1 + ^x + 0(h 2 ). 
Then, using the coideal coassociativity (|3.3j) . we obtain that 

(4.28) Aft (A) = A ® 1 + f(H ) ® A 

(4.29) Aft(/(ff )) = f(H )®f(H ). 

The last equation means that /(i?o) is group like. Then, together with the expansion of f(x) (|4.27|) . it 
implies that f(x) = e% x (see [CP] chapter 6.4). Finally, using (|P7) , (|4T2"g)) and the coproduct of Z4(£) 
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P~TT|) , we get A = p h (X^ + )e* H ° with p H = 2 + 0(h). We choose p H = [2] fi = e {'~ e ~l . Similar 

— e "2" 

computations for A* can be done and finally we obtain the coaction 

(4.30) I ft (A) = [2] s (X++Xo) e 4 Ho ®l + e* Ho ® A, 

(4.31) T R (A*) = [2] fi (X++X-) e 4 Hl ®l + ei Hl ®A*. 

To require that this coaction is an homomorphism of algebra implies the following deformation for the 
Dolan-Grady relations |B2j 

(4-32) [A,[A,[A,A*] (B) ] ( _ B) ] = ([2] R ) 4 [A, A*] 

(4-33) [A*,[A*,[A*,A] (fi) ] ( _ fi) ] = ([2] R ) 4 [A*, A], 

with [x, y)cti) = xy — e yx. These relations have been previously introduced in [IT11 IIT21 IB1] and the algebra 
generated by these relations is called q-Onsagcr algebra. 

4.1.3. Augmented q-Onsager algebra On- We consider the subalgebra of C invariant by the automorphism 
i]2 : C — > £ defined by: 

(4.34) 77 2 (e„) = e_„+i , = f-n-i and ri 2 (h n ) = h- n . 
This subalgebra is generated by {Bi, Bi, Ki] with 

(4.35) .0* = + e_j+i, B i = / i + /_ i _i and Ki = h z + h- t . 
It easy to check that they satisfy the relations 

(4.36) [B h Bj] = [B h Bj] = [K h Kj] = 0, Bi — B_ i+1 , B t = B-i-i, K t = K. % 

(4.37) [B u Bj] = (K i+j + K-i+ j+1 ), [K h Bj] = -2(B i+j + B- i+j ), [K u Bj] = 2(B i+j + B_ i+j ). 

We call this subalgebra the augmented Onsagcr algebra O to reference at the q-deformed case introduced in 
pT3] . see below. 

As for the Onsager case, we introduce a twist for the Manin triple (V, T> + ,T>~) defined by f|4.3[) and (|4.4[) . 
For that, we extend the automorphism 772 to the following map 

(4.38) 02 : V -> V 

(x,y) (->■ {■q 2 {y),m(x)). 

We show that it is an anti-invariant Manin triple twist for (T>, T> + , T>~). In this case, the symmetric space 
decompositions T> + = JC + © Ai + and T>~~ — 1C~ © M~ are given by 

(4.39) K+ = {(ei + e- i+1 ,ei + e- i+1 ),(fj + f-j-i, f j + f- j - 1 ),(h j + h-^hj + h-j)} 

(4.40) M + = {(ei — e-i+i,ei-e-i + i),(fj — f-j-i,fj-f-j-i),(hi-h-i,hi-h-i)} 
(4-41) K~ = {(fjj-j-^ie^e-i+^^huh-i)} 

(4.42) M~ = {{fj,-f-j-i),{e u -e- i+l ),{hj,-h-j)} 

with i > and j > 0. The +l-eigenspace of V + is isomorphic to the augmented Onsager algebra. Using 
the same procedure as for the Onsager case, we can obtain the left Lie bi-ideal structure of the augmented 
Onsager algebra. The important values are 

(4.43) 7-(B 1 ) = i(ei-e )®ifo, r(B ) = - \(fo ~ f-i) ® K and r(K o ) = 0, 
where we have used the map (x, x) h- > x. 
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To simplify the quantification, we used another presentation of this subalgebra generated by B,B*,K 
satisfying the relations 

(4.44) [B, [B, [B, B*]]] = 0, [B* , [B* , [B* , B]]] = 0, [K,B*\ = -4B*, [K,B]=4B. 
The map with the first presentation is given by 

(4.45) B i-> Bi , B* i-> B , and K i-> K . 
The left Lie bi-ideal structure in this presentation is given by (using also 



(4.46) t(B) = -(X Q ~ - X+) ® K, t(B*) = -\{X^ - X+) g> K and t(K) = 0. 

From this left Lie bi-ideal structure, we show that the left coaction of On can be chosen as 

(4.47) 1 fi (K) = (Hi - Ho) ® 1 + 1 ® K, 

(4.48) X»(B) = X+e* H ° $ e -4 K + X^e* Hl ® e* K + 1 ® B, 

(4.49) £fc(B*) = X^e* 1 * ® e~* K + X+ e 4 Hl ® e^ K + 1 ® B*. 

To require that this coaction is an homomorphism of algebra implies the following deformation of (|4.44[) 

(4.50) [B, [B, [B, B*] (ft) ] ( _ ft) ] = -p h B(e% K - e^ K )B, 

(4.51) [B*, [B*, [B*,B] (fi) ] ( _ fi) ] = Ph B*(e^ - e -* K )B*, 

(4.52) [K,B*] = -4B*, [K,B]=4B, 

with [x,y](fi) = xy — e h yx and pn = (e h — e~ h )(e h + e~ h + l). These relations have been previously introduced 
in |IT2| and the corresponding algebra is called augmented q-Onsager algebra. 

4.2. Deformation of the half-loop algebra C + and its twists. In this subsection, we deal with the 
half- loop algebra C + and its deformation: the Yangian y^sl?). Then, we give an example of invariant Manin 
triple twist leading to an Hopf algebra and two different coideal subalgcbras. Since the construction of the 
Manin triple twists and their quantification are similar to the previous section, we do not give all the details. 

4.2.1. Yangian yn(sh)- Here, for completeness, we recall the deformation of the half-loop algebra C + to get 
the Yangian ^(s^fl The half-loop algebra C + is the Lie algebra, with unit, generated by {e„, /„, h n \n £ N} 
subject only to 

[/l n , 6 m ] — 2e n -f m , \h ni firt\ — ^In+va i [^nj fmj — ^n+m 

(4.53) and [h n , h m ] = [e n ,e m ] = [/„, f m ] = , 

for n, m £ N. The half- loop algebra C + may be seen as the subalgebra of C defined in section B. 1.1 1 The Lie 
bi-algebra structure for the half-loop algebra is well-known |Drj however we recall briefly its construction 
from a Manin triple. If £~ denotes the subalgebra of C with the elements {e„, /„, h n \n < 0}, one can show 
that (£, C + , C~) is a Manin triple with the inner product (( , )}c defined by 

(4.54) ((en, f- n -x))c = -1 and ((h n , ft_ n _i)) £ = -2 



and equals to otherwise. Let us emphasize that this inner product for C is different from the one (|4.2|) 
used to construct U%(£). Using this Manin triple and following section I2TT1 one can obtain a Lie bi-algebra 
structure for C + . The cocommutator for the first modes are given explicitly by 

(4.55) S(x ) = , 5(a) =h Ae , 5(h) = f A h and 5 (hi) = 2e A f Q , 

for x £ {e ,/o, h }. 



^The algebra called Yangian is in fact ^1(3/2) but it is well-known that yn(sh) — 3V( S ^2) for Rjft' 7^ 0. So, by abuse, we 
call Yangian any ^(sfe) for h ^ 0. 
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As in the previous cases, it is more convenient to deal with the "Serre-Chevalley presentation" when 
we want to deform an algebra. It is known that C + may be generated only with {e, /, h, J(e), </(/), J(h)} 
subject to relations 

(4.56) [e,f] = h, [h,f] = -2f, [h,e]=2e 

(4.57) J([x, y\) = [x, J(y)\ , J(ax + by) = aJ(x) + bJ{y) 
and the following Serre type relation 

(4.58) [[J(e),J(f)},J(h)}=0. 

In this presentation, the whole set of elements are obtained as imbricated commutators. The map between 
both presentations is given by 

(4.59) eHe , f ^ fa, h^h , J(e) m- ei, J(f) ^ fi, J(h) >->• hi. 

The Lie bi-algebra structure in the "Serre-Chevalley presentation" is easily deduced from the previous map 
and from relations f|4. 55[) and can be written compactly as follows 

(4.60) 5(x) = , 5(J(x)) = [x®l,t], 
where x £ {e, /, h} and t = e (g) / + / ® e + ^h®h. 

We can now consider the deformation of the Lie bi-algebra (C + ,5) to get the Yangian of s?2 |Dr| . The 
easiest way to get a Hopf structure satisfying relation p.2[) with the Lie bi-algebra structure given by (|4.60|) 
is to define the coproduct of yn(sh) as follows 

(4.61) A ri : x i-> x <g> 1 + 1 ® x 

3(x) !->• J (a;) <g> 1 + 1 <g> 3(x) + -[x® l,t] 

In order to make An a homomorphism, we must deform the commutation relations. It follows that ynisfa) is 
the associative unital algebra with six generators e, /, h, 3(e), 3(f), 3(h) and the following defining relations 

(4.62) [e,f] = h, [M = 2e, [h,f] = -2/, 

(4.63) [s,J(lO]=J([aM/D, J(ax + 6y)=aJ(.T)+6J(y), 
where x,y £ {e, f, h}, a, b £ C, and 

(4.64) [[J(e),J(/)],J(/i)] = h 2 (3(e)f-e3(f))h. 

This last commutation relation is known as "terrific relation" |Dr) (see also |Mo) ) . 

4.2.2. Positive Borel ofUh(A\ ). We consider now the subalgebra 7i of the half-loop algebra C + invariant 
by the automorphism ipi : C + — > C + defined by 

(4.65) yi(e n ) = (-l) n+1 e n , Vl (f n ) = (-l)" +1 /n and Vl (h n ) = (-l) n h n . 

This subalgebra is generated by \hin, e2n+i, fin+\ \n > 0} and the commutation relations (|4.53j) restricted 
to these generators. 

We want now to compute a Lie bi-algebra structure for 7i using an invariant Manin triple twist. To 
obtain that, we need to define the following Lie algebra A = C © f) (direct sum of Lie algebras) where f) is 
the abelian Lie algebra generated by {ho}. We introduce the following subalgebras of A 

(4.66) A+ = {(h o ,h ),(e n ,0),(h m ,0),(f m ,0)\n>0,m>0} 

(4.67) A- = {(h ,-h ),(e n ,0),(h n ,0),(f m ,Q)\n<0,m<0} . 
Then, (A, A + , A~ ) is a Manin triple with the inner product 

(4.68) ((x, h), (x', h')) A = (x, x') c - (h, h') c . 
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with { , )£ defined in (|4.2j) . Then, we can show that the map 

(4.69) <j> A : A ^ A 

(x,h) i-4 (tpx{x),<px(h)) 

is an invariant Manin triple twist for (A, A + , A~). From this map, we get a symmetric space decomposition 
for A, A + and A~ where the +l-eigenspace of A + is isomorphic to 7i- Explicitly the isomorphism A + — >• 71 
is given by (/io,/io) l— ► ^0: (ei , 0) <-> e\ and (/i,0) i— > fx- As explained, in the section r2.2.11 an invariant 
Manin triple twist provides a cocommutator for the +l-eigenspace. In this case, this construction gives the 
following cocommutator for 71 

(4.70) S(h ) = , S(ex) = ^(h ® e x - ex ® fto) , <J(/i) = ^(/i 8) fto - ® /i) ■ 

We give only the values of the cocommutator for ho, e\ and fx since we need only these elements in the 
following. 

To study the deformation of this Lie bi-algebra 71, we introduce, as for the previous examples, the "Serre- 
Chevalley presentation" for Tx- The Lie algebra 71 can be equivalently defined only with {H, E, F} subject 
to 

(4.71) [H, E] = 2E , [H, F] = -2F 

(4.72) [E,[E,[E,F}]} = , [F, [F, [F, E]]] = . 

Let us emphasize that the previous terrific relations for 71 are on the level 4 in comparison to the one for 
C + (j4.58|) which is on the level 3. For the half- loop algebra based on the other Lie algebras as sl n (n > 2), 
so n or sp n , the terrific relations are on the level 2. The map between both presentations is given by 

(4.73) H ^ h , E^ei and F h-> fx . 

We denote by H, E and F the deformed generators corresponding to H, E, F in 71- Following the lines 
of the standard deformation of the Lie algebra 5/2 (see chapter 6. 4. A in [CP] ), we may choose the following 
coproduct 

(4.74) Aft(H) = H®1 + 1®H, 

(4.75) A ft (E) = E ® e m/2 + 1 <g> E, 

(4.76) Afi(F) = F ® 1 + e hu/2 ® F. 



It is easy to verify that this coproduct satisfies relation p.2[) with the Lie bi-algebra structure defined by 
(14. 70p and induces the following commutation relations, deformations of relations (|4.71[) and (14.721) 

(4.77) [H,E]=2E , [H,F] = -2F, 

(4-78) [E,[E,[E,F]] ( _ fi) ] ( _ 2ft) =0, [F, [F, [F, E]] ( _ ft) ] ( _ 2fi) = 0. 

with [x,y\ h ) =xy- e h yx. 

To identify this Hopf algebra, let us remind that the twisted quantum affine groups Uh{A n ) are well- 
studied Hopf algebras |J2| and their positive modes defined a subalgebra, called quantum positive Borel. 
Usually, one restricts the study of these algebras to the cases n > 2 since one needs exterior automorphisms 
of A n : the twist by an inner automorphism provides an algebra which is isomorphic to the one we start with 
(sec e.g. [GO] ). However, this last statement is true only for the whole loop algebra and is not any more 
valid for the half-loop algebra. Therefore, by extension, we called the Hopf algebra we obtained the positive 
Borel of£4(4 2) )- 
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4.2.3. Coideal subalgebra y^(sl 2 ) of the Yangian yn(sl 2 ). In this subsection, we use again the subalgebra 
71 introduced in section l4.2.2l but this time we associate to it a Lie bi-ideal structure. To do that, we use the 
Manin triple (£, C + , C~) with the inner product {{ , ))c (introduced in section |4 . 2. 1|) and we show that the 
map ipi, defined by (|4T65|) . is an anti- invariant Manin triple twist. Then, remarking that the +l-cigcnspace 
of C + is isomorphic to 71, we can deduce a left bi-ideal structure for 71- For example, we get 



(4.79) 



r(h ) = , r(ei) = -e ® /lo , t(/i) = /o <8> fro 



Remark 4.1. 7e£ ms emphasize that, although the algebras introduced in this example and in section ^. 2. 2\ 
are isomorphic, the additional structures associated completely different. Indeed, for the former, we introduce 
the left Lie bi-ideal structure f^. 7ff[ ) whereas, for the latter, we associate a Lie bialgebra structure {4 ■ fty ■ 
The difference in these structures lead to non equivalent deformations. 

To study the coideal subalgebra y£(sl 2 ) of the Yangian yn,(sl 2 ), deformation of the algebra 71 with 
(|4.79j) . we use the "Serre-Chevalley presentation" for 71 given by (|4.71[) and (|4.72j) . We denote by H, E, F 
the deformed generators in y^(sl 2 ) corresponding, respectively, to the generators H, E, F in 71- By the 
deformation procedure, we obtain the following left co-action 



(4.80) 
(4.81) 

(4.82) 



1fi(H) 
1 fi (E) 

£ft(F) 



h® 1 + 1 ® H 

h e 



= [3(e) -h 



J(/) 



2 1 



l + l®E-fte<g)H 
F + 71 / ® H 



and the following defining relations 



(4.83) 
(4.84) 



E, [E, [E, F] 



[H,E] = 2E, [H,F] = -2F, 
-12 h 2 EHE, [F, [F, [F,E]] 



12 h z FHF 



The embedding * R : y+(sl 2 ) -> y R (ai 2 ) is given by * R (H) = h, * R (E) - J(e)-R^ and^ R (F) = J(/) + ft 



This coideal algebra is isomorphic to the orthogonal twisted Yangian studied previously in |01s] where it 
has been defined via the so-called FRT presentation using the reflection equation. At our knowledge, the 
presentation gave here is new. In fact, it was known that the three generators {h, 3(e) — h^, 3(f) + K-£} 
are the non-local charges of the Principal Chiral model on the half-line jDMSl IDMj and define a coideal 
subalgebra of y(sfo) but the terrific relations (|4.84j) were not known. Finally, let us remind that this coideal 
subalgebra is also isomorphic to the reflection algebra B(2, 1) |MRj . 



4.2.4. Coideal subalgebra y h (s/2) of the Yangian yh(sh)- We consider now the subalgebra 72 of the half- 
loop algebra C + invariant by the automorphism tp 2 : C + — > C + defined by 

(4.85) ip 2 (e n ) = (-l)"e„ , <^ 2 (/„) = and <p 2 (h n ) = (-l) n h n . 

This subalgebra is generated by {ft. 2n , £2m fin\n > 0} and is isomorphic, as Lie algebras, to C + . The map tp 2 
is an anti-invariant Manin triple twist for (£, C + , £~) with the inner product (( , ))c- We can show that, 
in this case, the +l-eigenspace of C + is 72 and deduce a left Lie bi-ideal structure for T 2 - For example, we 
get, for £0 € {e ,fo,h }, 

(4.86) t(x ) = , r(h 2 ) = 2(a ® / - fi ® e ) , r(e 2 ) = h 1 ® e - e x ® h Q , r(f 2 ) = fi ® h - h x <8> /o • 

Remark 4.2. TTw's Lie bi-ideal structure \4 . 86ty is different from the Lie bi-algebra structure defined by 
\4 ■ 55^ although the associated algebras in both cases are isomorphic. 
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To study the coideal subalgebra 3^ (s/2) of the Yangian 34 ( s ^), deformation of the algebra T2 with 
the structure studied previously, we use as usual the "Serre-Chevalley presentation" for 72- As noticed 
previously, T2 is isomorphic to C + . Then T2 may be generated only with {e, /, ft, K(e), K(f), K(h)} subject 
to relations 

(4.87) [e,f] = h, [h,f] = -2f, [h,e] = 2e, 

(4.88) K([x, y]) = [x, K(y)} , K(ax + by) = aK(x) + bK{y) 

and the following Serre type relation 

(4.89) [[K(e),K(f)],K(h)} = 0. 
The map between both presentations is given by: 

(4.90) e^e , / /o, h^h , K(e) H> e 2 , K(f) t-> f 2 , K(h) ^ h 2 . 
and the left Lie bi-ideal structure if given by 

(4.91) t(x) = and t(K(x)) = [J(x) <g> 1,*]. 

We denote by e, /, ft., K(e), K(/) and K(ft) the deformed generators in 3V(s^)- We follow the same 
procedure to deform T2 than for the previous examples but, in this case, the results are more complicated since 
there exist non-vanishing terms in ft 2 . We get the following left co-action T/j : yf~(sl2) — > ^(s/2) <8> y^{sh) 
defined by, for x £ {e, /, ft}, 

(4.92) 1 H (x) = x®l + l®x, 

% h (K(h)) = y h (K(h)) + K(h) + ft [3(h) <g> 1, t] + ^-{[t, [t, h <g> 1]] + [[t, e <g> 1], [t, / $ 1]]) , 

X/i(K(e)) = * ft (K(e)) <g> 1 + 1 ® K(e) + ft [3(e) ®l,t] + ^- ([t, [t, e ® 1]] + ft ® 1], [i, e <g> 1]]) , 
T fi (K( e )) = *„(K(e)) ® 1 + 1 ® K(/) + ft [J(/) ® 1, t] + *L ([ t] [ t , f ® 1]] + I [[t, / ® 1], [t, ® 1]]) , 
with i=e®/+/®e+ift®ft and 

(4.93) $t(K(fc)) = [J(e),J(/)]- J[C,J(ft)] 

(4.94) *n(K(e)) = i[J(ft), J(e)] - J[C, J(e)] 
(4-95) *»(K(/)) = i[J(/),J(ft)]- |[C,J(/)] 

Then, the defining commutation relations of yf~(sl2) are given by 

(4.96) [M = 2e, [ft,/] = -2/, [e, /] = ft 

(4.97) K([x,y}) = [x,K(y)] , K(ax + 6y) = aK(i) + bK(y) 

with the terrific relation 

(4.98) [K(ft), [K(e), K(/)]] = ft 2 ({K(/), {K(ft), e}} - {K(e), {K(h), /}}) + ^ ft [K(ft), C] 

with C = e/ + /e + ift 2 and {x, y} = + yx. 

This coideal subalgebra is isomorphic to the symplectic twisted Yangian discovered in jOlsj but also to 
the reflection algebra 23(2, 0) (MR] . 
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5. Connection with Reflection algebra 

In this section, we used the previous coideal algebras to construct, from intertwiner technique |J21 IDMS| 
IDMj , scalar if-matrices solutions of the reflection equation |Cher[ ISkj . It allows us to show the connection 
with known reflection algebras jMRSi IMRj characterized by the choice of the scalar if-matrices. 

5.1. Scalar K-matrices for On and On- In this subsection, we construct scalar /^-matrices for the coideal 
subalgcbras of Un(£): the q-Onsagcr algebra On (sec section |4.1.2[) and the augmented q-Onsagcr algebra 
On (see section l4".1.3p . 

The intertwiner equation for the scalar Ji'-matrices is given by [DM| . for any element X of On (On), 

(5.1) K(u)(n u ® e) o 1 h (X) = (ir u -i ® c) o % h {X)K{u) 

with 7T„ a representation of the quantum algebra Un{£), depending on the spectral parameter u, and e the 
counit of On {On)- For On, the counit is given by 

(5.2) e(A) = a, e(A*) = a* 
with a, a* two arbitrary parameters and for On, we have 

(5.3) e(B) = e(B*) = 0, e(K) = c 
with c an arbitrary parameter. 



For example, we consider the case where tt u is the fundamental evaluation representation of the quantum 
algebra Un(C) in the principal picture given by 

(5.4) ir u {X+) = aE 2l , n u (X^) = a~ 1 E 12 , 7r„(ffi) = E n - E 22 , 

(5.5) t^u{Xq) = auE 12 , k u (Xq) = a~ 1 u~ 1 E 21 , ir u (H ) = -E n + E 22 , 

with Eij the two by two matrix with 1 in the entry (i,j) and otherwise. The parameter a, entering in this 
representation, will be fixed by the intertwiner equation. After straightforward computations, we show that 
the solution K(u) of the intertwiner equation is given by, for the q-Onsager algebra On 



(5.6) 



K{u) oc 



a u + a 

(u-u- 1 ) 



e 2 — e 2 



with a = e 4 and by, for the augmented q-Onsager algebra On, 

I (2c-l)ft 

(5.7) K(u)^[ U + e 4 

V u 







with a = e » . Both solutions satisfy the reflection equation 
(5.8) R 21 (u/v)K 1 (u)R 12 (uv)K 2 {v) = K 2 {v)R 2 i{uv)K 1 {u)Ri a ('u/v) 

with i?i2 (u) the trigonometric solution of the Yang Baxter equation |Jlj given by 

/l 0\ 



(5.9) 



i? 12 («) 



e2 
u 



1 — e"-u 
l-e R 



P 2 



1-e" 
1 — e^K 

1-14 



1 — e^u 








V 



l-e R « 

\0 

The most general solution of the reflection equation (|5.8|) has been obtained in |GZ| IdVGRj and contains 
four arbitrary parameters. The two supplementary parameters come from the invariance of (|5.8[) by the 
conjugation with an arbitrary invertible diagonal matrix M in End(C 2 ) : AIiM 2 Ri 2 (u)Mi 1 M 2 l = R\ 2 (u). 
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An important remark is that, if one constructs reflection algebra using dressing procedure from the scalar 
if-matrix (i.e. with monodromy matrix of Un(C) in the RLL presentation |FSTj ) |Sk| IB1[ IB2| IMRSj . the 
algebra obtained from the non-diagonal if-matrix (|5.6[) corresponds to the q-Onsager algebra and from the 
diagonal if-matrix (|5. T[) corresponds to the augmented q-Onsager algebra. 

5.2. Scalar K-matrices for y ± (sl 2 ). In this subsection, we construct scalar if-matrices for the coideal 
subalgebras of yn(sl 2 )'- the twisted Yangians y£(sl 2 ) (see section H.2.3p and y^(sl 2 ) (see section FL2.4p . 
As previously, the intertwiner equation for the scalar if -matrices is given by [DM], for any element X of 

y^(sh) (y h (sh)), 

(5.10) K(u)(ir u ® e) o 1 H (X) = (tt_„ ® e) o % H (X)K(u) 

with tt u a representation of the quantum algebra yn(sl 2 ), depending on the spectral parameter u, and e the 
counit of y£(sl 2 ) (y h {sh))- For y+(sl(2)), the counit is 

(5.11) e(H) = c, e(E)=e(F)=0 
and, for y~(sl(2)), it is 

(5.12) e(x) = e(K(x)) =0 for x G {e, /, ft}. 

For example, we consider the case where 7r u is the fundamental evaluation representation of the Yangian 
y H (sl{2)) given by 

(5.13) 7r u (e) = E 21 , n u (f)=E 12 , 7T„ (ft) = En - E 22 and w u (3(x)) = (u + a)ir u (x) 

with a an arbitrary parameter. After straightforward computations, we show that the solution K(u) of the 
intertwiner equation is given by, for y + (sl(2)) 

(5-14) K(u)<x i+ « % 

\ U 

with a = 1 and by, for ^-(sZ(2)), 

(5.15) K(u)<x(l I 
with a = 0. Both solutions satisfy the reflection equation 

(5.16) R 12 (u - v)K 1 (u)R 12 (u + v)K 2 {v) = K 2 {v)R l2 {u + v)K 1 {u)R 12 (u - v) 
with R\ 2 (u) the rational solution of the Yang-Baxter equation given by 

(1 0\ 

(5.17) fl 12 («) = 



-or ^tt 
JL. n 



\0 1/ 

The most general solution of the reflection equation (|5 . has been obtain in jGZl IdVGRj and contains 
four arbitrary parameters. The three supplementary parameters come from the invariance of (|5.16[) by the 
conjugation with an arbitrary invertible matrix M <E End(C 2 ): M\M 2 R\ 2 (u)M^ x = Ri 2 (u). 

The if-matrix obtained for y + (sl(2)) corresponds to the one used to define 13(2, 1) |MRj or the orthogonal 
twisted Yangian [Olsj (up to some conjugation and transposition) and the if-matrix obtained for y~(sl(2)) 
corresponds to the one used to define B(2, 0) [MR] or the symplcctic twisted Yangian jOlsj . 
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6. Conclusion 

In this paper, wc define a new structure associated to Lie algebra, called Lie bi-idcal structure, and provide 
a way to obtain examples thanks to particular automorphisms of Manin triple. We show that this structure 
is the good framework to get, if we deform this Lie algebra, coideal algebras. 

It remains a lot of interesting open questions. In the case of Lie bi-algebra structure, it is known that this 
structure is enough to guarantee the existence and the unicity of Hopf algebra. The proof is based on Hopf 
algebra cohomology. Therefore, it is certainly of great interests to develop a coideal algebra cohomology and 
study the implications of the bi-idcal structure introduced in this paper. From another hand, the construction 
of an analog of the coboundary for the bi-ideal structure and the computation of classical if -matrices are 
interesting questions. 

About the applications for the integrablc models with boundaries, this presentation of coideal algebras is 
of great interest for the construction of the dynamical If -matrices (i.e. with algebraic entries), solutions of 
the reflection equations |BK[ IBFj . They allow one to construct integrable models with degrees of freedom 
on the boundaries [BKj . From other hand, we expect that they can be used to construct the algebraic Q 
baxter operators for open models. For periodic models this construction is known jBLZj . These algebraic Q 
baxter operators appear, for example, in the study of the correlation functions |JMSj . 

Acknowledgement: The authors thank P. Baseilhac, A.I. Molev, E. Ragoucy and P. Roche for their careful 
reading of the manuscript. 
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